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Review.

(Isoperimetric inequality)
Thm 1.

.
Let5 be a <* simple closed curve in R

.

⑭
Set A= areal)

,

= length of T
.

Then

es/4π
and

.. Ats if and only ifI is a circle.

Pf. By a suitable scaling ,

we may assume - = 2 +
.

Parametrize ↑ by its arclength
, say,

U(t) = ( X(t)
, Y(t) ,

oktS2π
,

X'st12+ y'(t)== 1

Using the Green Thm
,

we have

A = (0- xdy = f
*

x(t)y'(t)dt



We need to show that A si and "" holds iff ↑ is

a circle·

It is equivalent to show that

24 X (t) Y'<t)dt + and " "holds iff T is a circle
·

For this purpose, we expand x(t)
,

y(t) into their Former

series on [0, 2π]·

X(t) = an eint, yctoobne
int

I

) the above Fomiers converge because XCt)
,

y(t) arediff)

X'(+) inaneint
, YlN E inbue

inta

(F(n) = in F(n)

By Parseval identity

I [2N X'st] d = blinan)= n2/a..

iS2πY'(t)2dt = -0 42/bn)".



Hence

1 = (2
"

x(t)2+ y(t)dt =
w
n2)lank+ Ibn

(*)

Also by the generalized Parseval identity ,

92" x(t)y'<tdt = It
*

x(t 5 ct)dt

= <x(t)
, y(t))

=> Fin . Ea

I an inb

=

-

in an 5.

Hence A = So
*

x<+Y'<)d+ = Cπ .
(inanbul

.

So

A = 2π)n - in an5n/

-> 24 Inland

* 2π In /but
/

* 2π , o Ink be
I T (by (*)

.

This proves the isoperimetric inequality.



Next assume that A = T
.

clearly we have

0Jank/bn) for all to

Since In/lanlbul = 12) ( (bul

② lank/bul =0 for all In) > 1
.

Since In.br= IP.
b.n

it
Hence X(t) = ue"t + Go + a, e,

y(t) = by e + bot b , eit.

Since XCH), y(t) are real
,

90EIR
,

9 - = T
,

b+
= 5

,
botRR

.

Scheck 90 = %"XCtIdt - I
.

--

a-

= πx(t)eitdt = S*

x(t) "tdt

= T
.
(

Hence (a , / = (a-11= /b , ) = /b- )



Recall 1 =

b

n
2 (an)+ (bnl.. (by (*)

=> la , 12+ /b. 1 + 1a+1 + 1b- )

It follows that (ai) = /bil= /a- 1) = (b- ) = i

Now we see that

a = ed
,

b
,

= el
for some G

, BE [0 , 2π).

Then

X(t) = 5
"

+ Go + a , eit

=> Go + + Gi (2+t)
+ 5 e"(2+t)

=> Go + Cos(2+ t)
.

Y(t) = bo + cos(B +t)
.

Recall that

# = A = 2π Fin an En

= 2π. ) - i a . , + i a-, 1)
= 2π5i))[pi(dp) - 42((P -

2))



= 2π( i) . 4 . (2i) Sin (b-p)

=> # Sin(2- B)

Hence sin (2-B) = 1
.

Since d
, PE [0 , 2π)

,

We have

2- B= or

-E

So

Y(t) = bo + Cos(p +t

-> bo + cos(2+t- ) &Cor cos(d+ t + 3)
= bo + sin(2+ t)

Recall X(t) = Go + Cos(2++)
·

Hence (X(t)-ao)+ (y(t) - bo) = 1
.

So I is a zenit circle. .



34.3 Weyl's equidistribution Theorem.

Def. A sequence of
numbers (xnInE < [0

, 1) is said to

be equidistributed in [0
, 1) if for all

(a , b) = [0, 1)
,

we have

⑭ lin# #SINGN : Xntfaibl) = ba

Remark: the above limit is the proportion of (Xn)

Lying (a , b).

Example 1. Consider (Xn) given by
0

, # ,
0, 0

,

1

, ....

z

Take (a ,b) = (5, )
.

But xnk (a , b)
,

so

# # &(n=N = xn - (a ,b) = 0

# b -a
.

so we conclude (xn) is not equidistributed in [0, 1)
.



2. ) Wey)) Let O be an irrational number
,
8> 0.

Then the sequence

(Snob)
is equidistributed in [0 , 1).

Here (nU] denotes the fractional part of n8.

J e. g if X = 2 . 345 ...., then [x] =. 345..)

Remark : Kronecker proved that

(SnU3),
is dense in [0 , 1) if U is irrational

.

· For (a , b) < [0, 1)
,

let us define X(a, b)
: [0, 1) -> IR by

Xa
,b)(x)

= (
+ if xz(a , b)

o otherwise.

& sa, b)
is called the characteristic function of (a,b)

.



Then it is direct to check

#((n => N : xnt(a ,b)
= Xca

,
b)(kn)

In this way,
we see that D is equivalent to

② lim +< Xca(n) = b.e

for all (a , b) [ [0 , It

To prove the theorem of Wey) ,

it is enough to show

that for any irrational number 8,
A

imT Ysaib)(( nW)) = b -a
, (a, b) < [0

, 1)
.

We call extend Xgab) to be a 1-periodic function on
Then

,
we can write

hist, X(a,
b) n5) = b - a

,
t (a, b) = [0,).


